IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Conformal and Lie superalgebras motivated from free fermionic fields

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
2003 J. Phys. A: Math. Gen. 36 1759
(http://iopscience.iop.org/0305-4470/36/6/318)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.89
The article was downloaded on 02/06/2010 at 17:22

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/36/6
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

INSTITUTE OF PHYSICS PUBLISHING JOURNAL OF PHYSICS A: MATHEMATICAL AND GENERAL

J. Phys. A: Math. Gen. 36 (2003) 1759-1787 PII: S0305-4470(03)32465-5

Conformal and Lie superalgebras motivated from free
fermionic fields

Shukchuen Ma

Department of Mathematics, The Hong Kong University of Science and Technology,
Clear Water Bay, Kowloon, Hong Kong

Received 3 January 2002, in final form 30 August 2002
Published 29 January 2003
Online at stacks.iop.org/JPhysA/36/1759

Abstract

In this paper, we construct six families of conformal superalgebras of infinite
type, motivated from free quadratic fermonic fields with derivatives, and we
prove their simplicity. The Lie superalgebras generated by these conformal
superalgebras are proven to be simple except for a few special cases in the
general linear superalgebras and the type-Q lie superalgebras, in which these Lie
superalgebras have a one-dimensional centre and the quotient Lie superalgebras
modulo the centre are simple. Certain natural central extensions of these
families of conformal superalgebras are also given. Moreover, we prove
that these conformal superalgebras are generated by their finite-dimensional
subspaces of minimal weight in a certain sense. It is shown that a conformal
superalgebra is simple if and only if its generated Lie superalgebra does not
contain a proper nontrivial ideal with a one-variable structure.

PACS numbers: 11.25.Hf, 02.20.Sv, 11.30.Pb

1. Introduction

The notion of conformal superalgebras was introduced by Kac [10], as the local structure
of a certain Lie superalgebra with a one-variable structure. The algebraic entity of two-
dimensional quantum field theory is a certain new representation theory of Lie superalgebras
with one-variable structure. In terms of vertex superalgebras, conformal superalgebras are
positive parts of vertex superalgebras [10, 21], which are closed local systems in the sense
of Li [15]. From the point of view of simple algebra, the category of conformal algebras
is much smaller than that of vertex algebras. D’Andrea and Kac have proven that a simple
conformal algebra of finite type is either isomorphic to the centreless Virasoro conformal
algebra or isomorphic to a loop conformal algebra associated with a finite-dimensional simple
Lie algebra [7]. In other words, there are no essentially new algebras in simple conformal
algebras of finite type. For infinite type, Zel’manov has an approach of introducing certain
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filtration and Gel’fand—Kirillov dimensions. The approach we use here is to study simple
conformal algebras of finite growth proposed by Xu [22].

In this paper, we construct six families of infinite conformal and their generated Lie
superalgebras, and we prove their simplicity (cf theorems 3.1 and 4.2). The construction is
motivated from free quadratic fermonic fields with derivatives. We also give certain natural
central extensions of these families of conformal superalgebras, and we prove a generator
theorem for each of these families of algebras (cf theorems 5.1-5.6). Besides, we define a one-
variable structure on the ideals of the Lie superalgebra generated by a conformal superalgebra.
Then we prove that a conformal superalgebra is simple if and only if its generated Lie
superalgebra does not contain a proper nontrivial ideal with a one-variable structure. Some
of our results are generalizations of Xu’s results on simple conformal superalgebras of finite
growth. Here, we give a more technical introduction.

Throughout this paper, the base field [F is an arbitrary field of characteristic 0. Moreover,
7 denotes the ring of integers, N denotes the set of non-negative integers, Z* denotes the set
of positive integers, Z~ denotes the set of negative integers and Z, = Z/2Z denotes the cyclic
group of order 2. When the context is clear, we use {0, 1} to denote the elements of Z,. Given
m,n € N, we also define

_ {m,m+1,... n} if m<n
=g if m > n.

Before presenting the definition of conformal superalgebras, we introduce some notations.
The following operator of taking residue will be used

(1.1)

Res: | Y &2/ [ =& (1.2)
JEZ
where &; are in some vector space V. Moreover, all the binomials are assumed to be expanded
in the second variable. For example,

z—x z(1—x/z2) s 2 =0

In particular, the above equation implies

- dogxd | =) "8 (1.4)
j=1

je

1
7 —

Res,

So the operator Res, (1/(z — x)(- - -)) takes part of negative powers in a formal series and
changes the variable x to z. For two vector spaces V and W, we denote by LM (V, W) the
space of linear maps from V to W and V[xy, ..., x,] to be the set of polynomials of variables
X1, ..., X, over V.

A conformal superalgebra R = Ry P R, is a Z,-graded F[d]-module equipped with a
linear map Y*(-,z) : R > LM(R, R[z7"1z7H satisfying

Y*(Ri,2)R; C Risjlz "] (1.5)

Y*(u,z) = d%W(u, 2) (1.6)

Y*(u, z2)v = (—1)"Res, e Yt (v, —x)u (1.7)

Y, z0)Y* (v, 22) = (=DY* (v, 22)Y*(u, 21) = Res, Y'Y (u,zi —x)v,x)  (L.8)

22— X
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foru € Ri,v € R; withi, j € Zo. (R,9,Y*(, 2)) denotes a conformal superalgebra. In
section 4, we see that a conformal superalgebra with property (4.1) induces a formal distribution
Lie superalgebra [10]. In that case equations (1.7) and (1.8) correspond to the skew-symmetry
and Jacobi identity of Lie superalgebra respectively. Then, the central extensions in section 5
are associated with central charges.

Let C be any Z,-graded associative algebra over F. From a Z;-graded tensor

R = C,-®]FIF[II, 5] for ie{0,1} (1.9)

where 11, t, are indeterminants. For convenience, we denote

u(m,n) =u 'ty for ueC m,neN. (1.10)
We define the F[d]-action on R = Ry €P R; by
duim,n)) =m+ Du(m+1,n)+ n+Du(m,n+1) (1.11)

and the structure map Y*(-, z) on R by

mi+ma+n,
—n =1\ p o —mr 111 —1
Y+ = p—mi—my—nj
(u(my, my), 2)v(ni, ny) < ) E (ml) (wv)(p, n2)z

m
2 pard

R _1 my+mo+ny

g=0
foru € C;,v € C; withi, j € Zy and my, ma, ny, ny € N. The above formulae are motivated
from quadratic free fermionic fields [21, 22]. It was verified in [21] that (R, Y™ (-, z), 9) forms
a conformal superalgebra.

The objective of this paper is to construct six families of simple conformal superalgebras
of infinite type based on the above conformal superalgebra and to study their central extensions
and the Lie superalgebras generated by them. Central extensions are related to a crucial and
indispensable concept in quantum field theory called anomaly. Xu [22] constructed three
families of conformal superalgebras by using mixed quadratic bosonic fermionic fields. We
find that those conformal superalgebras are actually our special cases. This implies that the
theory of mixed quadratic bosonic fermionic fields with derivatives can be realized by pure
fermonic fields with derivatives. Since the algebras we are concerned with are infinite in
dimension, it is important to know if they can be generated by interesting finite-dimensional
subspace. We prove a generator theorem with this property for each family of our extended
conformal superalgebras. They are analogues to those constructed by Xu in [22], in which the
sets are shown to form simple Jordan algebras of types A, B and C in a certain sense.

The W, algebra without a centre [3], the Wi, algebra without a centre [19] in
mathematical physics and the Wy, (gl;) algebra without a centre related to the k-component
KP hierarchy studied by van de Leur [16] are all special cases of the algebras constructed
in [22]. The supersymmetric analogue of Wi, [6, 25, 26] is also related to the algebras in
[22], which are special cases of the algebras presented in this paper. Moreover, we deal with
the issue of the central extension that is absent in [22]. This is important because Johansen
[8] has shown that there exist two W, (with centre) symmetries in the cohomology of the
BRST operator in a twisted N = 1 SUSY model. To avoid pathological properties, a sensible
theory often requires finite dimensionality of the graded subspaces in a representation (known
as the quasi-finiteness condition). Such representations make our algebras more palatable for
physical applications in a similar way as Wy, [1, 14]. We believe that all the results in this
paper will be useful in the classification of conformal field theory [12, 13, 18, 20], which is
one of the most important objectives in two-dimensional quantum field theory and is related to
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string theory. They can also be applied to integrable dynamic systems by Xu’s correspondence
of conformal superalgebras to linear Hamiltonian superoperators [23].

The paper is organized as follows. In section 2, we show the relationship between the
conformal superalgebra we have used (cf equation (1.12)) and the free fermionic field. The
vertex algebra behind is also given. In section 3, we construct six families of classical simple
Lie superalgebras over the algebra of differential operators on the Laurent polynomial algebra
in one variable. In section 4, we construct six families of conformal superalgebras that
generate the Lie superalgebras isomorphic to those constructed in section 3. Their simplicity
is also proven. Section 5 is devoted to constructing certain natural central extensions of the
Lie superalgebras and the conformal superalgebras that are constructed in sections 3 and 4.
Moreover, certain generator sets of the extended conformal superalgebra are also present.

2. Free quadratic fermionic fields with derivatives

In this section, we present the conformal subalgebras related to quadratic free fermionic fields
with derivatives.

Let H be a finite-dimensional vector space with a nondegenerate symmetric bilinear form
(-, -) such that there exist two subspaces H,, H_ satisfying H = H, + H_ and

(Hi, Hy) = (H_,H_) = 0. (2.1)
Thus, H, is isomorphic to the dual space (H,) through the nondegenerate symmetric bilinear
form (-, -).
Let ¢ be an indeterminate and set
H=HQpF[t,t'1t'? @ Fx (2.2)

where « is a symbol to denote a base vector of one-dimensional vector space. We define an
algebraic operation [, -] on H by

(M @ t" + Ak, hy @ 1" + ko] = (M1, h2)man 0k (2.3)

forhy,h, € Hom,n € Z+1/2, A\ + A, € F. Then (FI, [, -]) forms a Lie superalgebra with
the Z,-grading

H, = H®pF[r, 1712 and Hy = F«. (2.4)
For convenience, we denote

h(m)=hQt" for heH meZ+1/2. (2.5)
We set

H_ = Span{h(—m)|h € H,m € N+ 1/2} (2.6)

By = Span{x, h(m)|h € H,m € N+ 1/2}. 2.7

Then A _ and By are trivial Lie sub-superalgebras of H and
H=H_&By. (2.8)
Let F|0) be a one-dAimensional vector space with the base element |0), the vacuum state.
We define an action of By on |0) by
h(m)|0) =0 and k|0) = |0) for he H meN+1/2. (2.9

Then FF|0) forms a B ;;-module. We can view H _ and B, respectively, as the sets of creation
and annihilation operators with identity element « of the Fock space defined thereinafter.
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U () denotes the universal enveloping algebra of a Lie algebra and A(-) denotes the exterior
algebra generated by a vector space. Then the Fock space F can be defined as an induced
H-module by

F=UMH) @y, FIO)= /\(ﬁ,) ®r |0) as vector spaces). (2.10)

Moreover, we set

h* (@) =Y hm+1/2)z7""! h™ (@)=Y h(-=m+1/2)z"""  (2.11)
m=0 m=1
h(z) =h"(2) +h™(2) (2.12)

for h € H. As operators on F, {h(z)|h € H} are called free fermionic fields.
For convenience, we denote

UR|0) =u for ue /\(191,). (2.13)

Notice that the vacuum state 1 ® |0) will then be denoted by 1.
To construct a vertex operator superalgebra, we define a linear map Y(I Ry z) : F =
LM(F, Flz™', z]) by

Y(Ip, 2) =1dr (2.14)
and
Y(hi(=ny — 1/2)ha(=n2 — 1/2) -+~ hp(=np — 1/2), 2)

L(h @y, 1/2)--h 1/2

= (Tgon Y =172 hy(ny = 1/2).2)
dillh+ z

— ()Y (ha=my = 1/2) -y (=, = 1/2), z)ﬁf)) @.15)
for hy, hy, ..., h, € H,ny,na,...,n, € N. Such a definition is actually the generalization
of normal ordering of free fermionic fields, which is defined as

thi(2Dha(2) == h] (2)ha(z) — ha(2)h](2) for hy,h, € H. (2.16)

Let k be the dimension of /. We pick an orthonormal basis {b;|j € 1, k} of H with respect
to (-, -). Then (F, Y (-, z), 1, w) forms a vertex operator superalgebra [21] with the Virasoro
w element given by

I ¢ 3 1
0=33b (-3) % (=)- @17)

For the construction of a related conformal algebra, we set
R, = Span{h|(—m)hy(—n), 1g|h, € Hy,hy € H_,m,n e N+1/2}.  (2.18)
The restricted map Y(|1§2, z) ‘R, > LM (F, F[z~", z]) will then be equation (2.14) and

d"hy (2) d"ha(z)  d"ha(2) AR (2)
dzm dz" dzt dz”

1
Y(hi(=m = 1/2)ha(=n = 1/2).2) = —— (

(2.19)

for hy € Hy,h, € H_ and m,n € N. The operator Y (h{(—m — 1/2)hy(—n — 1/2),z) is a
quadratic fermionic field with derivatives. Moreover, we write

Y(u,z) = Z Un(z) ™" ! Y*(u,z) = Zun(z)*”*1 for u € R,. (2.20)
n=0

meZz
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In particular,

(hi(—=m — 1/2)hy(—n — 1/2))i
:;[( J_n ><]+m;;n >hl(k—m—n—j_1/2)h2(j+1/2)

_<—j— 1) <j+m:n—k> hatk—m—n— j — 1/2)h1(j+1/2)}

m
(2.21)
forh, € H,,h, € H_ and m, n, k € N. It can be shown that
Y*(u, z2)v C Ro[z7 Nz 7! for u,v e R,. (2.22)
Moreover, we define 0 € End IA€2 by d(1r) = 0 and
d(hi(=m — 1/2)ha(—n — 1/2)) = (m + Dhy(=m — 3/2)ha(—n — 1/2)
+(m+ Dhy(—=m — 1/2)hy(—n —3/2) (2.23)
forhy, hy € H andm, n € N. Then the family (R, 3, Y*(|4,. z)) forms a conformal algebra.
According to linear algebra, there exists another basis { gf | jel } of Hy [21] such that
(s, gj) =0 for i,jel (2.24)

by equation (2.1) and nondegeneracy of (-, -), where I is an index set. By equation (2.21), we
have

St =m)s (m) (st (—=m)s3 (=m)) = 8}, 5,67 (—m);, (—m) (2.25)
for ji, jo, j3,ja € I and m € N+ 1/2. Expression (2.25) is essentially equivalent to

matrix multiplications. This gives the motivation of the conformal algebra constructed in
equation (1.12).

3. Lie superalgebras

In this section, we construct six families of Lie superalgebras from a rank-one Weyl algebra.
These algebras are simple by the results in [2].

For a Z,-graded associative algebra B = By € B, the associated Lie superbracket is
defined by

[u, v] = uv — (=¥ vu (3.1)
foru € B;, v € Bj. A linear map o on B is known as an involutive anti-isomorphism if
o(L) = L; o?=1d, ouv) = (—DYo(v)o (u) for uerl; vecrL;.

3.2)
If we set

LY ={u € Llo(u) = —u} 3.3)
then it will always form a Lie sub-superalgebra of £. We let

A=F[t,17"] o =3, (3.4)

dr
Then

A=Y Ad (3.5)
n=0
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forms an associative subalgebra of End A. In fact,
“ m i m+n—j
(F03") (gdy) = (J) FOgP 0™ for mneN f(),g(1) €A
j=0
(3.6)
where

g (1) = &g (@)
dt/
Now we are ready to construct the first two families of Lie superalgebras. For a positive
integer n, we denote by M, ,(A) the algebra of n x n matrices with entries in A. For
i,j €1,n, E;; denotes the n x n matrix with 1 as its (i, j)-entry and O as the other entries.
We fix a positive integer k. We take nonzero polynomials

for jeN. (3.7

J1(0,), f2(80), ..., fi(3)) € F[0] (3.8)
and set

B, = Af,(d,) for pel,k. (3.9)
Then {By, B, ..., By} is a set of nonzero left ideals of A. We let
F=U s f) d=(d,d,....dy)  with  d =deg fi. (3.10)

Denote 0 = (0,0, ...,0).
Given k; € 1, k, we let k, = k — k. Setting

No=A{1,2,...,k} and Ay =fki+ 1,k +2,...,k} 3.11)
we define
gl(ki, fo = Z B, E;; + Z B, E: ;
i,jeho ijeh
) (3.12)
gltky, f1 = Z BE;j+B.E;;
i€y, jeA
and
gllky, f) = gltkr, fro@Pelthr, fr. (3.13)

Then gl (k;, f ) forms aﬁLie §ub-super§lgebra of My (A) with the Lie superbracket defined in
equation (3.1). Whend = 0, gl(ky, f) = Myxx(A) has a one-dimensional centre F1;, where
I is the k x k identity matrix. We define the quotient Lie superalgebra

sl(ky, ka; A) = My (A)/FIL. (3.14)
Next we define

O(f) =glk, ) x gltk, ). (3.15)
and an algebraic operation - on Q( f ) by

(a,b)-(c,d) = (ac+bd, ad + bc) for a,b,c,d e gl(k, f). (3.16)
The Z,-grading of Q(f) is given by

0(fro=(gltk, [),0) Q) = (0 gltk, f) (3.17)
Then

o) =2(HEP o (3.18)
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forms a Lie superalgebra with the Lie superbracket defined in equation (3.1). For later use,
we also denote

o) = (u, 0) and up = (0, u) for ueglk, f).  (3.19)
In order to construct the third family, we define t € End A by

t(h(1)d]") = (—=3)"h(t) = (=1)" Z ('j) o for meN h@t) e A.
j=0
(3.20)
Then 7 is an involutive anti-automorphism of the associative algebra A, that is,
?=1 (1) =1 T(uv) = t(v)T (1) for u,ved (321
Fori € {0, 1}, we define

(FLo, 1) =y Fo;"™. (3.22)
n=0

We fix a positive integer k and ¢ € {0, 1}. Picking k; € 1, k and taking nonzero polynomials

J1@), 280, - .-, fi, (8r) € (F[8;]), Je+1 00, ooy fi(0r) € (F[0:D)r (3.23)
we set equation (3.9). For each pair i, j € 1, k, we define a linear map p;. j:B; — B; by

01 Wfi(3)) = (=D D) f;(3,) for ueA (3.24)
where

€@ )= {(1) gthelr’vx{isee.AO’ (3-25)
Then we have

pi.jpji = Idg, for i,jel,k (3.26)
and
Pps. p (V) = (—1)(i‘+i2)(i3+i2)p,,3,,,2(v)ppz,,,l(u) for pjeA;, ueb, velB,.

(3.27)

We define gl (ki, f ) as in equation (3.13). Then g/(k, f ) forms a Lie sub-superalgebra
of My (A). Moreover, we define a linear map * : gl(ky, f) — gl(k;, ) by

*
k k
Z ui,jE,-,_,« = Z p,',j(uj,,‘)E,',j for Ui j € B_,‘. (328)

ij=1 ij=1
It can be verified that * is an involutive anti-automorphism of g/ (k;, f ). We define
ok, f) = {A € gl(ki, [)]A* = —A) (3.29)

with the grading inherited from gl (kj, f ). Then the subspace o(k, f ) forms a Lie sub-
superalgebra of My (A) with the Lie superbracket defined in equation (3.1). In fact

olki, f) = Span{1" 3" f; (D) E; j — (=1)*I (=8,)"1" f;(0)E; i In € Zym €N, i, j € T, k}.
(3.30)
Next we construct the fourth family. Taking f as equation (3.23) and setting

Yo = Z Z BjEiva jsb + Z B Eiva,j+b 3.31)

a,be{0,k} \i,jeAy L,jEA
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and

U= > | Y BiEiuaj+BiEjain (3.32)

a.be{0.k} \i€Aq,jeA,
then ¥ = W, P ¥, forms an associative subalgebra of Myi.ox(A). Moreover, we define a
linear map ¥ : W — W by

T

2%k k
Z UpqEpqg | = Z (01, Wirjkri) Eij + pij (i) Eferi v j
r.q=1 i,j=1
— i, W ki) Ei kv j — 0ij Wisji) Exvi j) (3.33)
forup j, uprsj € B;. It can be verified that  is an involutive anti-automorphism of W. Set
sptky, ) = {A € W|AT = —A) (3.34)

with the grading inherited from W. The subspace sp(ky, f ) forms a Lie sub-superalgebra of
Moy sox (A) with the Lie superbracket defined in (3.1).
For the fifth family, we fixak € Z* and ¢ € {0, 1} as before. We take nonzero polynomials

1:(9,) € (F[d,]), for iel,k. (3.35)
Form,n € 1, k, we define
Mun(f)= Y BjEi; C Muyun(d). (3.36)
iel,m,jel,n

We define a linear map 7 : Um,nel,—k Mm,,l(f) — Um,nel,—k Mm,,l(f) such that form, n, i, j €
1.k,

(Mysn (P C My () (3.37)
and
(uf,(a,)E,-,,)T =(—D'tw) fi(9)E;; for u € A. (3.38)
We set
k
vy = Z (B Ei j +Bj Egsig+j) (3.39)
ij=1
and
k
v = Z BE; jik +BjEisk ). (3.40)

i,j=1
Then ¥/ = ¥ P V| is a Z,-graded associative subalgebra of My«2x(A). Moreover, we
define a linear map o, by

A B DT —BT
[ B)]-(& %)

where A, B, C, D € M; ;( f ). It can be verified that o, is a supersymmetric involutive anti-
automorphism of W'. Setting

P(f) ={u € Vl|o,u) = —u} (3.42)
and defining the grading of it by
P(Hy=PHo@ P with P(f)i=PH)[ ¥ (3.43)

then P( f ) forms a Lie sub-superalgebra of W',
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We take f as equation (3.35) and pick m € 1, k. Then the last family is constructed by
setting

m k
v = Z B,E;;+ Z B Epsismsj +Bj Epsicrimeksj + Bj Exemeimej + B Epsi fome )
ij=1 i,j=1
(3.44)
m k
v = Z Z(EjEi,m+j +BEi ks ¥ BiEpsji + B Eppsie i) (3.45)
i=1 j=1
and then W” forms a Z,-graded associative subalgebra of M 12k x (m-+2x) (A) with
v =wi P (3.46)
Moreover, we define a linear map o, by
T T T
A By B, A _C2 Cl
os||C1 Diy Di2||=| B DI, -Di, (3.47)
Cy Dy Dy -BI -pI DI

where A € Myon(f), B € Musi (), Ci € Misn (), Dyj € Miar(f) forall i, j € {0, 1}.
It can be verified that o, is a supersymmetric involutive anti-automorphism of W”. We define

osp(m, 2k; f) = {u € V|0, (u) = —u) (3.48)
and

osp(m, 2k; f) = osp(m, 2k; o @ osp(m. 2k: f)y (3.49)
with

osp(m, 2k; f)i = osp(m, 2k; f) ﬂ v (3.50)

forming a Lie sub-superalgebra of W”.
Using the results in [2], we obtain the following theorem.

Theorem 3.1. The Lie superalgebras o(ki, f) in equation (3.29), sp(ky, f) in
equation (3.34), P(f) in equation (3.42) and osp(m, 2k; f) in equation (3.48) are simple.
Moreover, the Lie superalgebras gl (k. f) _in equation (3.13) and Q(f) in equation (3.15)
are_also simple provided that d # 0. If d = 0, then sl(ki, ka; A) in equation (3.14) and
Q) /(FIy, 0) will be simple.

Remark. We have proven that the conformal superalgebras Ry, k,],¢+1, Rj}, 1, and R[Tkl, k) 1D

section 4 of [22] are isomorphic special cases of R( f ), R*( f ) and Rf( f ), respectively. This
implies that the theory of mixed free quadratic fields with derivatives (of a free bosonic field
and a fermionic field) can be realized by the theory of free quadratic fermionic fields with
derivatives.

4. Connections of the Lie superalgebras with the conformal superalgebras

In this section, we construct six families of simple conformal superalgebras, which generate
Lie superalgebras isomorphic to those constructed in previous section.

We let (R, Y*(-, z), ) be a conformal superalgebra such that R is a free IF[0]-module over
its subspace V, that is,

R=TF[3]V = F[&]@}FV. .1
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Letting ¢ be an indeterminate, we set

_ -1

L(R) = V() FI¢. ¢ 7. 4.2)

Forr e V,m e N, j € Z, we let
m m—1—j m—1—j (iem)—
(8 U)[j]:l’)’l!( m >v[j_m]=m!< m )U@{ G=m) l. (43)
Then we can define the algebraic operation [, -] on L(R) by
oo
a
[it1a1, V)] = 2{‘; (n) (tn (V) [asbn] for u,veR abeZ  (44)

where u, (-), n € N are the components of Y*(-, z) such that
oo
Y'u,2) =) uaz " 45)
n=0
Then (L(R), [+, -]) forms a Lie superalgebra [10, 21].
We call 7 an ideal of R if 7 is F[d]-submodule of R and
u,(I) C I for ue R neN. (4.6)

A conformal superalgebra is said to be simple if it does not contain a proper nontrivial ideal.
For a subset S of R, we define

Siz) = Spanf{uy, lu € S, n € Z}. (4.7)
Anideal J of L(R) is called an ideal with one-variable structure if 3§ C R such that
S = Sz (4.8)

Theorem 4.1. A conformal superalgebra R is simple if and only if its generated Lie
superalgebra L(R) does not contain any proper nontrivial ideal with one-variable structure.

Proof. Suppose L(R) does not contain a proper nontrivial ideal with one-variable structure.
For an ideal Z of R, we have

oo

[Viap, up)] = Z (Z) (Un (U)){a4b—n) € Liz) 4.9

n=0
withv € V,u € T and a, b € Z, that is, Ijz) is an ideal of L(R) with one-variable structure.
Assume Z # 0. Then Zjz) = L(R) by the assumption of L(R). This means that, givenv € V,
we can find a finite set {u,,|€Z} of Z such that

U®§71 :U[71] :Zumlml. (410)

meZz

It can be deduced from equation (4.3) that

Unim € VX) FI¢] and Ui € V) Flg ¢ 4.11)
F F

meN mez-
Hence,

=0 d = Ly =
Z“mlml = an Z Um[m) = Z [ U = V1.
meN meZ~ meZ= ’ [—1]

(4.12)
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According to equation (4.3), the map u — u[_1) is an injective map from R to L(R). Hence,

1 —m—1
2 Sy = B

mez-

Since 7 is ideal of R, it is invariant under the action of 9. Hence, v € Z. This implies V C Z.
Therefore, R = F[d]V = I. So, R is simple.
Now we assume that R is simple. We let J be an nontrivial ideal with one-variable
structure of L(R). Defining
IZ(J) =A{r € R|rpy € J foralln € Z} (4.14)

then Z(J) is a subspace of R. For u € Z(J) and m € Z, we have (0u);,) = —mupm—1; € J.-
SoZ(J) is aF[d]-submodule of R. Letr € R and u € Z(J). We have

(1101, )] = (ro(@)p) € J (4.15)

for b € Z since J is an ideal of L(R), which means ro(u) € Z(J). We now start an induction
by supposing r,, (u) € Z(J) for all m < k, for some k € N. Note

k
k+1
[Fiet)s upy] = (rrer (w)) + Z < : ) (7 (U)) tks 145-n1 € J (4.16)
n=0

forall b € Z. So (ri+1(u))p) € J for all b € Z by the induction assumption, which implies
re+1() € Z(J) by equation (4.14). Therefore, the induction have shown that r, (1) € Z(J)
for b € N. Then Z(J) is an nontrivial ideal of R and hence Z(J) = R. Asaresult, J = L(R).

O

Let C be a Z,-graded associative algebra over . We define the conformal superalgebra R
by equations (1.9)—(1.12). Setting

V= C®FIF[t2] = Span {u(0, n)|u € C, n € N} (4.17)
it can be verified that R is a free F[d]-module. We define a linear map v : L(R) — A®)yC by
v(imlu(0,m) ® ") =t"9"u for ueC meN neZ (4.18)

which implies

v(u(p, m)p) = (—0)Pt" 3" u for ueC m,peN nelZ. (4.19)

plm!

Using equation (1.12), we have

—n; — 1 mi+my+n, —n
u(ml,mz)nv(nl,nz)=< )( >uv(m1+mz+n1—n,nz)

nyp mi
i —n2—1 +my+ny —
—(—1)”( 2 )('"‘ 2 n)vu(nl,m1+m2+n2—n) (4.20)
n; m»

foru e C;,veCjandn,m,my, ny,ny € N.
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Besides the Z,-grading, we can also assign a Z-grading to L(R) by setting the grade of
u(mi, my)iq) to be a — m; — my (cf equations (4.4) and (4.20)). Then, it is conceivable that
our Lie superalgebras possess some quasi-finite representations [14]. This means there exists
a Z-graded L(R)-module V = &, , V; such that each V; is finite in dimension.

Lemma 4.1. The linear map v is a Lie superalgebra isomorphism from L(R) to AQrC with
the Lie superbracket defined in equation (3.1).

Proof. It is clear that v is vector space isomorphism. Now we let u € Cq, v € C,, With
g1, 8 € Zor,and welet g = g1g2. Form,r e N,n, s € Z,

1
(@0, m) ®¢"), v(v©,r) ® )] = m—[t"&,”‘u, 9/ v]

Ir!

1 nam,sqr 845 Qr4n qm
On the other hand,

v([u(0,m)® ", v0,r) L) =v (Z <’:) (u(0, m);v(0, r))[n+s—i])
i—0

=1 m,n
= Z ((_1)m < ’ > (_a)m—ltn+s—1 atruv
m!r! I
i=0

— (_1)8 <ml’ n) ZJH‘S*!' 8;’n+rivu) (4.22)

where

i J ij! .

= f ,j. 1 €Z. 423
(l) Q—nij—opw RIS (4.23)

Using

> (rn : : > (m,n : R
" = 2; ( . ) "oy and 9" = 2; ( l ) (=Dl (4.24)
in (4.23), we obtain

v([u0,m)®¢", v0,r) @¢°]) = [vu©O,m) ®¢"), v(v(0,r) ® 9] (4.25)
O

Lemma 4.2. Let V' be a subspace of V and R' = F[3]V’'. Then (R',Y*(-,z), ) will be
conformal sub-superalgebraof (R, Y*(-, z), 0) if L(R) forms a Lie sub-superalgebra of L(R).

Proof. We need to show Y*(a,z)b C R'[z"']z7! for all a,b € R’. This will be done if
we can show Y*(8"u, z)0"v C R'[z7']z"! for all n,m € N and u, v are homogeneous in
V'. Now given i, j € Zy,u € V/,v € Vj’ and m,n € N, by the definition of Y*(-, z) in
equations (1.6) and (1.7), we obtain

re@u, 00" = (-1 (L) Res e (— L) S (e (4.26)
’ dz 7—X dx g ¢ ' ’
Therefore if we can show v.u € R’ for ¢ € N, then we are done. Since L(R’) forms a Lie

sub-superalgebra,
o0

a 0 a /
= a1 € L(R 4.2
e u® §_O<H)<vnu>[a 1€ L(R) “27)
for any a € N. Hence, by induction, v.u € R’ forall ¢ € N. O
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We now fix k € Z, throughout the rest of this section and define Ay, A, as in equation
(3.11).
For the first two families of our conformal superalgebras, we let C = M., (IF) and we
define the grading on it by
Co= Y FE;j+ Y FE;, and G= Y (FE;+FE;;). (4.28)
i,jeAg i,jelA ieAg,jeA
Taking f as equation (3.8), we write

n,

fr=> _ayqd for pel,k. (4.29)
We define

Ei’jj[m,n]zZm!(n+p)!aj,,,E,~,j(m,n+p) (4.30)

p=0
and
- " L L

El;Im.n1=>"m\n+p)laj,Eiju(m.n+p)  for ieT,2k jelk mneN.

p=0

4.31)

Then

A(E{ lm.nl) = E{ [m+ 1, n1+ E/ [m.n+1] for i,je1,2k mmneN. (432
Letting R(f) 8]Vf, where
V; = Span {E/ [0, n]li, j € Tk, n € N} (4.33)
then R(f) is a free F[0]-module over the above VJ;. Letting v’ be vlL(R(Jz)), we have
V(E/[0.mI®¢") = 19" f,(0) Ey for i,jel,k meN nelZ (4.34)

Therefore, v (L(R( f ) = gl (ky, f ), which implies that v is a Lie superalgebra isomorphism
from L(R(f)) to gl(ky, f) by lemma 4.1. So, R(f) is a conformal superalgebra by
lemma 4.2.

Next let

C = Mixi (F) X My (F). (4.35)
Denote

up) = (Lt, 0) and un = (0, Lt) for ue kak. (436)
We define the grading on C by

Co = (Myxr(F), 0) and C1 = (0, My (). (4.37)
Setting

Ve = Span {(E/;), 0. nlli. j € Tk, p € Zo.n € N} (4.38)

we let RQ(f) =F B]VQ It can be verified that RQ(f) is a free F[d]-module over VQ

Letting v be the restriction of v on VQ then v€ is a Lie superalgebra isomorphism from

L(RQ(f)) to O(f) by lemma 4.1 with

vQ(( )[pI[O nl®c" ) " 8”(Ef )lpl for i,jel,k neN meZ pel.
(4.39)

By lemma 4.2, R2( f ) is a conformal superalgebra.
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To introduce the third family of our conformal superalgebra, we take f as equation (3.23)
and we set

Ve = Span {E/ [0, n] - (=D ET i, 0],

). (4.40)
Let R*(f) = F[a]V;ﬁ. Then R*(f) is a free F[0]-module over the above V;i. We define a

linear map v* to be the restriction of v on L(R*( f )). We have
v ((E/;[0,m] — (=1)'E],[m.01) @ ¢") = "]" f;(3) Eij — (—=D)'(=8)"1" f,(3) E .
(4.41)

fori,j e, 1,k,m € N,n € Z. So v* is a Lie superalgebra isomorphism from L(R*(f)) to
o( f ). Hence, R*( f )) is a conformal superalgebra.

Next we construct the fourth family of our conformal superalgebra. We let C be Moy .2k (F)
and we define the grading by

Co = Z Z FEita j+b + Z FjEiva j+b (4.42)
a,be(0,k} \i,jeAy ijeA
and
C = Z Z FEi+a,j+b+FEj+a,i+b . (4.43)

a,be{0,k} \i€Ao,jeA;
Take f as (3.23) and set
Vi = Span {E/ [0, n] — (—1)”6{” EL . .ln, 0L E/

k+j,k+i

[0, n] + (=1)*<-7) ,k+,[n 01,

i,k+j

[0, n]+ (=D)*UIE] . [n,0li, j € 1,k,n € N}. (4.44)

k+1 j
We define Rf(f) =F B]VT Then Rf(f) is a free F[0]-module over the above VT

Letting v be the restriction of v on L(R'( £)), then vt _is surjective and, hence, v’ is a
Lie superalgebra isomorphism from L(RT(f)) to sp(ky, f) By lemma 4.2, L(RT(f)) is a
conformal superalgebra.
For the construction of the fifth family of our conformal superalgebra, we let C be
Moo (F) and we define its grading by
k k
Co = Z (FE; ; +FE; 1k ji) and C = Z (FEjk,j +FE; ji). (4.45)

i,j=1 i,j=1

k+]l

Taking f as equation (3.35) and setting

V}”:Span{Ef.[o nl = (=D'EL ,iIn, 01, EL [0, n]+ (=)' EY ;n, 01,

k+j,k+i i,k+j Jok+i

E[,; [0,n] — (=1)' Ek+“[n 0]li, j € 1,k,n € N} (4.46)

then RP( f ) is a free IF[8] module over the above V ( f ). Letting v¥ be the restriction of v
on L(RP ( f ), then v? is surjective and, hence, v is a Lie superalgebra isomorphism from
L(R?(f)) to P(f). By lemma 4.2, R (f) is a conformal superalgebra.

For the last family, we pick m € 1, k. Letting C be M (y12k) x m+2k) (F) with the grading by

Z FE,‘,]‘ + Z FE,‘,]‘ and C] = Z (FE,] + FE_I*,,')

i,jel.m i,jem+1,m+2k iel,m,jem+1,m+2k

(4.47)
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we take f as equation (3.35) and we let

27 = Span{E],[0.r] - (=1'EL [, 01, EL 10,1+ (=1'EL, . ,[r, O],
Eafj+m+k[ ] ( 1) Ej+m a[r O] El{-m j+m[0 V] _( 1) Ej+m+kl+m+k[r’ 0]’
Ezz—m ]+m+k[0 I’] +( 1) E]+m l+m+k[r 0] El+m+k ]+m[0’ I’]
F(~D'EL ol O In € Zr €N, j € K, a.b e T,m). (4.48)

We define R (f) = F[d]V?(f). Then R (f) is a free F[d]-module over the above V P,

Letting v°°? be the restriction of v on L(R**7( f )), it can be shoyvn that v**? is surj_gctlve. As
aresult, V7 is a Lie superalgebra isomorphism from L(R*?(f)) to osp(m, 2k; f). Hence,
R?P(f) is a conformal superalgebra by lemma 4.2.

Theorgm 4.2. The conformal superalgebras R(f), RQ(]?), R*(f), RT(]?), RP(]?) and
R»P(f) are all simple.

Proof. Since L(R*(f)), L(R'(f)), L(R?(f)) and L(R%”(f)) are all simple, and hence do
not contain Proper nontrivial ideal (with one variable structure), theorem 4.1 implies that
R*(f) RY(f), R? (f) and R"”’(f) are all simple. By the same reason R(f) and RQ(f) are
simple provided that d #* 0. Ford = 0 the only proper nontrivial ideal of gl (ky, f ) and
O(f) are FI; and (FI;, 0), respectively. Hence FI;(0,0) ® ¢% and F(/,(0, 0), 0) ® ¢ will
be the only nontr1v1a1 ideal for L(R(f)) and L(Q( f )) respectively. Let Z be a nontrivial
ideal of R( f ). Then Z;z is a nontrivial 1dea1 of L(R( f )) by equation (4.9). Therefore, 77
is either equal to F1;(0,0) ® ¢° or L(R( f )). Since it is not equal to the former we have
I[Z] = L(R(f)) We can use equations (4.10)— (4 13) to show that 7 = R(f) Therefore
R(f) is simple. Similar arguments show that Q(f) is also simple. U

5. Central extensions and generators

In this section, we construct certain central extensions of the conformal superalgebras
constructed in section 4 and the Lie superalgebras constructed in section 3. Moreover, we give
certain generator sets of the extended conformal superalgebras.

Let C and A be a Z,-graded associative algebra and an associative algebras, respectively,
and over the same field F. We define

B= C®FA (5.1)
to be the Z,-graded tensor algebra, that is,
(U1 @ v1) (U2 ® V2) = Uiy ® V17 for uj,upoeC vi,;meA (5.2

and B inherits the grading of C. Then 5 forms a Lie superalgebra with the Lie superbracket
defined in equation (3.1). Suppose that 6(-,-) : A x A — F is a 2-cocycle of A, that is,

O(u,v) = -6, u) O(uv, w) +0(vw, u) +0(wu,v) =0 (5.3)

foru,v,w € A. Weletk(-,-) : C x C — F be a supersymmetric associative bilinear form,
that is,

K, v) = (=) (v, u) for ueC veB; i,jel (5.4)
and

K(uv, w) =« (u, vw) for u,v,w € B. (5.5)
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We say that « (-, -) is graded with grading g € Z, if

k(C;i,Cj) =0 for ij=g+1 (5.6)
where i, j € Z,. Now we define a bilinear form 9 (-, -) : B x B — F by
Dy @ vy, ur ® v12) = k(uy, u)0(vy, v2) for wuj,ur €C wvy,vy €A. (5.7)
A bilinear form €2 of a Lie superalgebra L is said to be a 2-cocycle of L if

Qu,v) = —(=D"Q(, u) (5.8)
and

Q(u, vl w) + (=D "Q(v, wl, ) + (=) Q(w, ul,v) =0 (5.9)

foru e Lij,ve L;andw € L,, wherei, j, k € Z,. We call a2-cocycle €2 of Lie superalgebra
L a graded 2-cocycle with grading g € Z, if i, j € Z,, then

Q(Li,Lj)=0 when ij=g+1. (5.10)

Lemma 5.1. The bilinear form 9 (-, ) is a 2-cocycle of the Lie superalgebra 3. Moreover, if
k (-, ) is graded, then ¥ (-, -) is also graded with the same grading as k (-, -).

Proof. This can be seen by checking equations (5.8)—(5.10) directly. ]

The central extension of a Lie superalgebra (G, [-, -]) associated with graded 2-cocycle ¢
is the vector space

G=¢ @ Fe (5.11)
with the Lie superbracket defined by

[+ rc, v+ pel = [u, v] + 9 (u, v)c for u,veG rpuelF (512
where c is a symbol for the base element of one-dimensional space Fc. The grading of ¢ can
be defined as the same as the grading of . The properties (5.8) and (5.9) of ¥ imply that the
Lie bracket (5.12) satisfies the super skew-symmetry and super Jacobian identity.

Now putting A = A into equation (5.1), hence B = CQpA. We take 6(-, -) to be the
2-cocycle determined by Li [17], i.e.

n
O(1"0", 1°0') = Spmrs—ro(—1)"m!r! (m s 1) (5.13)

forn,s € Z, m,r € N. Then for a given graded supersymmetric associative bilinear form « of
C, we can have central extension of 3 by previous argument. Moreover, the Lie superbracket
on B3 is given by

naqam YA q naqam YA m n
[ut 3" + Ac, vt 9, +,uc] = [ut 9", vt 8,] + Kk (1, V)8 —mas—ro(—1)"m!r! (m et 1) c

(5.14)

whereu,veC,n,s € Z,m,r e Nand A, u € F.

Next we consider the central extensions of the conformal superalgebra R = C ®r [F[#1, 1]
(cf equations (1.9) to (1.12)) with graded supersymmetric associative bilinear form « (-, ) of
C. We define

R= R@Fl (5.15)
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where 1 is a symbol for a base element of one-dimensional space F1. We define the F[d]-action
on R by equation (1.11) and 91 = 0. The grading of 1 is defined to be the same as the grading
of k.

Moreover, the structure map Y* (-, z) on R is defined by

Y'(w,2)1=Y"1, z2)w =0 for weR (5.16)
and
—n —1 _
w(my, mo)yv(ny, ny) = ( " ) (”“ e ") wo(my +my +ny —n, na)
myp mi
=, — 1 _
—(—1)”( 2 )(m1+m2+n2 n> vu(ny, my +mo+n, —n)
ni my
—ny — 1 —Nny — 1
+8n,m|+mo+n|+m+l K(I/l, U)l (517)
- - my m

foru € C;,v €Cj,i, j € Zo and my, ma, ny, no € N. It can be verified that R is a conformal
superalgebra [21]. We define

L(R) = L(R) D F1 (5.18)
and

1(z) = 1. (5.19)
Then we can use equation (4.4) to define the Lie superbracket on L(R). Explicitly,
[u(0,m) ® ¢" + 21, v(0,7) ® ¢* + pul] = [u(0,m) ® ¢", v(0,7) ® ¢*]

m n
+(=1 (m+r+ 1>K(M, V)8n+s—m—r,01 (5.20)

where u,v € C,n,r € Z,m,s € Nand A, u € F. We define a linear map ¥ : L(R) — L(R)
such that
D0, m)@¢"+1) =ut"d" +c (5.21)

where n,s € Z,m € N, and L(R) is the central extension of L(R) with Lie superbracket
defined according to equation (5.14).
Now we fixm,r e N,n,s, € Z, A, u € Fand u, v € C. We have

D([u(0,m) @ "+ 21, v(0,r) @ &* + ul]) = v[u0,m) ® " +v(0, r) ® £*]
+(=1)" (m +”r . 1) K (1, V)85 -m—r0 C- (5.22)
On the other hand

[D@@(0,m) @ ¢" + A1), (0, r) ® £* + ul)]

naqam r m n
= [ut a,", ufa,] +(—1) <m r 4 1) Kk (U, V)8pts—m—r0 C. (5.23)

Since we have already shown that v is an isomorphism of L(R) in lemma 3.1, we have the
following lemma.

Lemma 5.2. The two Lie superalgebras L(ﬁ) and ﬁ(R) are isomorphic to each other.

_Now we are ready to give the central extension of our conformal superalgebras
R(f), R2(f), R*(f), R'(f), R (f) and R*P(f). At the same time, we give a set of
generators for them. For a subset S of a conformal superalgebra R, we define

C(S) = Span{u), ...uf’npv|uj, veS, p.m; €N} (5.24)
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We say that an element or a subset of R can be generated by S if they belong to C(S). If the
whole R can be generated by S, then S will be called a set of generators of R. _
Recall that the conformal superalgebra R = My (A)QgF[t, 12] contains R(f) and
R*(f) as two conformal sub-superalgebras. We define the bilinear form « of M. (A) by
k(A, B) = str(AB) for A, B € My (IF) (5.25)
where str : My« (IF) — T is linear map defined by
str(E; j) = (=1)79s; ; for i,jel, k. (5.26)

It can be shown that « is supersymmetric associative bilinear with 0 grading.
We pick f as equation (3.8), and we define

R(f)=R())EPF1= Span{Efj[m,n], 1i,j e Lk,mneN}.  (527)
Then
J
7 7 ey M +uU+q)!
El(p.mlEL g1 =~y 2 TEED s B pem+utg —n.r]

AN A
= m+u+qg—n)!

ng

- (- 1)62( 1)p(r(:::;l’) Sy baiE] (Mg, p+m+r+v—n]

mj o na

+ DY (g Hm !+ v+ p) (=D ag 08708 abn prmigirsvii 1

u=0 v=0
(5.28)
where i, j,c,d € 1,k, G = (d(i) +d(j))(d(c) +d(d)) and p,m,n,c,d € N.
In the rest of the paper, we let k = ky + ky with ky, k, € Z*. We define
S;={E/;10,0], E/[0.0]]i € A, j € Ay} (5.29)

Theorem 5.1. When k > 2 and d #* 0, the conformal superalgebra R( f ) can be generated
by Sj. Fork =2 ord = 6 f?(f) can be generated by S ; U {E,ik[O, 1]}.

Proof. By

E{ 110, 01y 1n1 E{ ([0, 0] = (= 1) 0y lnglay , agn, 1 (5.30)

we know 1 can be generated by S z and we can ignore the extension part in equation (5.28) for
the rest of our proof. O

Claim: IfEa »IN, 0, 7] can begeneratedby Sf or by Sf U {E,‘zk[O, 1]}f0rr eNya,bel,k
withd(a) # d(b), then Eb b[N 0,r], M[N, 0, 7] and EM[N, 0, r] can also be generated by
Sf or by Sf U { k’k[O, 1]}, respectively.

To prove the claim, we employ its hypothesis. Note that

EJ [0, 01 npsrs EL ylg + 1y + 1"+ 1,7

o LU+ qg+n,+r +1)! ; )
=> (-1 (Z+qb = au Byl +q —ng,r'] (5.31)
Za
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for ¢, r’ € N. Hence, we can use induction on ¢ for different " < r to show that E bf »IN, 0,7]

can be generated by S or by Sz U {E ,{ [0, 1] }, respectively. Then using

np

7 (r +v)! 7
110,01, Ef [g. ') = Z oy Eal@er + v =l (5.32)
for q,r" € N, we can carry out 1nduct10n on r’ < r for different ¢ € N to show that
b;a [N, 0, ] can be generated by S or by S7 (J{E]. /10, 1]} respectively. This implies that
EZ,Q[N, 0, 7] can also be generated by S7 or by S5 { k’k[O, 11}, respectively.
Now we can divide the proof into two cases:

Case: k > 2andc77é()

There exists j € 1, ksuchthatn; # 0. We picki € Ay(jy+1, thenfors € 1, k—{i, j} # 0,
we have

f f _ ! u (u+qg)! 7
Ei,j[O, O]H‘/,eEj,S[q,V] = E (—1) mdl ME [I/l+q —n;te, V] (533)
and
f f w_ (tq)! f
E[;10.01, E/ [q.r] = Z(— ) wvg Bl g =gl (5.34

u=0
where g, r € Nand € € {0,1}. Givenr € N, equation (5.33) with € = 0 tells us that if

E f [0, r] can be generated by S 7 then so does E; -f ([0, r] while equation (5.34) implies the

opposite. Since either Ef 510, O] or Ef [0,0] is in Sz, both can be generated by Sz. We

suppose that Ef ,[g’, ] and E ,[q’, ] can be generated by Sy for all qg < gwithag € N.

Equation (5.33) with €= 1 1mp11es E; / s[g + 1, r] can be generated by S; and then equation

é. 34) implies that E slg +1,r] can also be generated by S7. In particular, E_,«,S[l ,0] and
i S[l , 0] can be generated by S7 forall / € N by induction.

Next we would like to prove that £ Sf ;[1, 0] can be generated by S for all [ € N. If
d(s) =d(i), then E sf ;[N, 0] can be generated by S7 because of the symmetry between i and
s. On the other hand, if d(s) = d(j), then E lf s[N, 0] can be generated by S7 implying that
E S’? ;[N, 0] can also be generated by S, according to the claim.

Note that
7 7 dired) N~ T+ V) f _
E; 10,010, E5 (g, r1 = —(=1) Z(V+U—n)' ,UE ilg.r+v—mn;] (5.35)
and
2 2 (r + ‘U)' 2
EJ 10,01, E]j[g.r] = —(= )P Z Qi Bl jlg.r v —nj+el

(r+v—nj;+e)!
(5.36)
forg,r €e Nand e € {0, 1}. Given g € N, we already have Esfl [¢, 0] generated by S 7. Hence,
we can carry out induction on r to show that £ Sf ;lg, Nl and E Sf j [g, N] can also be generated

by S* It follows that Ef [N, N] and Esjfj [N, N] can be generated by Sf-.
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Lastly, we suppose d(s) = d(i). Then the fact that E; f A[N, N] can be generated by § 7
implies that E f A[N, N], E f ,IN, N] and E3 S[N N] can be generated by Sz 7 according to the
claim. Symmetrically, £ [N N], E; f [N N], E f [N N] andE ;[N, N] can also be generated
by S7. On the other hand if d(s) = d(]) then the claim implies that Ef [N, NJ, Ef [N, N]
and E Sf s[N, N] can be generated by Sz 7 Since E [N N] can be generated by Sz 7 Moreover

[N NJ can be generated by S7 implies that E s[N, N] can be generated by S7 (cf (5.33)
and (5.34)). Using

ni

2 2 + ! 2

E! 10,01,E/\1q,r]1 = — Za,-ﬂ&b}f‘[q, r+v—mn;]  for ¢, reN (537)
g e — T (r+v—n! I

we can show that Elf ] [N, N] can be generated by S7. Then the claim implies that Elf ;IN,N]

and E.{:i[N, N] can also be generated by Sf. Finally, if 51, 52 € Ag¢jy — {j} and s; # 52, then
the fact that

W (gt
[o O]mEm[q,r] Z( 1) (u+q_ BT 4 EL [q+u—ny,r]
for q,reN (5.38)

show that E sfl 5, [N, N] can be generated by Sf-.

We can use similar arguments to deal with the other case of d=0ork=2.
We take f as equation (3.23), and we define

R'(F) = R*(F) @ F1 = Span(E] [m, n], 1, j € T, k,m,n € N} (5.39)
where
E}jimonl = EL Im.n) — ()" DE fnm]  for i,jeTk mneN (540
We define
= (E,[0,0li € Ao, j € Ay). (5.41)

Theorem 5.2. Whenk > 2, the conformal superalgebra R*( f ) can be generated by S;‘;. When
k=2, IAQ(]?) can be generated by S’}i, U{E;Z[O, 1]}

Proof. This is similar to the proof of theorem 5.1. O

Let C = M« (F) X M« (F) with the grading defined in eguatlon (4.37). Then
CQFIt, 12] will be a conformal superalgebra which contains R2(f) as a conformal sub-
superalgebra. We define the bilinear form « of C by

K(A[,'], B[j]) = 8,'.'.}"1 tI'(AB) for A, B € kak(F) i ] € Zz (542)

where tr is simply the trace of the matrix. Itis easy to show that « is supersymmetric associative
bilinear with grading 1.
Taking f as equation (3.8), we define

}A?Q(f)zRQ(f)@IM:Span{( )m[m nl, 1|A € Zy,m,n GN} (5.43)
We define
S€ = {(E]})14n[0: O (E7 ) 14,0, 0li € Ao, j € A} (5.44)



1780 S Ma

Theorem 5.3. When k > 2 and d #* 6 the conformal superalgebra RQ( f ) is generated by
Sjg Whenk =2 ord = 0, R2(f) can be generated by Sjg U {(E,;f,k)m[(), 11}.

Proof. This is similar to the proof of theorem 5.1. O

Letting ¢ : 1, 2k — Z; such that

c(l,k)=0 and ctk+1,2k) =1 (5.45)
we define T : 1,2k — 1, 2k by
i+k for iel, k
T@() = RO 4
© {i—k for iek+1,2k. (5.46)

LetC = Mogxor (A) with the grading defined in equations (4.42) and (4.43). ThenC ®FIF[II, ]
is a conformal superalgebra which contains Rf(f) as a conformal sub-superalgebra. We define
the bilinear form « on C by

k(A, B) = str(AB) for A, B € My (IF) (5.47)
where str : Moo (F) — F is a linear map defined by
str(E; j) = (=1)%Ds; ; for i,je1,2k. (5.48)

Then « is supersymmetric associative bilinear with grading 0.

If we let C = Mok but the grading is defined as equation (4.45), then CQpF[#1, 12] is a
conformal superalgebra which contains R” ( f ) as a conformal sub-superalgebra. In this case,
we define the bilinear form « on C by

k(A, B) = str(AB) for A, B € Moo (F) (5.49)
where str : Moo, (F) — T is a linear map defined by
str(E; ) = (=1)°9s; ; for i,jel,?2k. (5.50)

It can be shown that « is supersymmetric associative bilinear with grading 0.
We define

eoli) = d(i) and e1(i) = c(i) for ieT,2k. (5.51)
Taking f as equation (3.23), we define
R'(f) = R'(f) ® F1 = Span{E[ ,[m.n], 1i, j € T.2km,n e N} (5.52)

where fori, j € 1,2k, m,n € N,

E] [m,n] = E{ lm,n] — (=1)+<CDre@re gl o, m). (5.53)
Taking f as equation (3.35), we define
R”(f) = R"(f) @ F1 = Span{EF;[m.n]. 1]i, j € T,2km,n € N} (5.54)
where
El\[m.nl = E/ im.n] = (=1)*DE], ;o ln.m]  for i jeT.2k m.neN.
(5.55)
Letting
EY;lm,n] = E*, [m, n] El;lm,n] = E[;Im,n] (5.56)
and

Go(i, j) = t+€(i, j) +c@)+c()) ¢, j) = t+c()) (5.57)
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fori, j € 1,2k and m, n € N, we have

E|;[p.ml,El  lq.r]
= (E/,[p.ml = (=1)?CDE] .+ Im. pl), ((EL,lq.7]
— (= 1)¢I(L d)ET(d) T(c)[r’ Q])

o e (MAU+G)!
:Z(—]) +ma1u5“E [p+m+u+q r]

—(= I)G’Z( l)p(r(_:::;p) )'aduéd, jlg, p+m+r+v—n]

D (3 (p+u+q)!
- _1 @) —1 pre =TT iu5 i cEl .
oY MX:(:)( ) (P+u+q—n)!a’ T@.cbr(j).d

Xm+p+u+qg—n,r]

ng
G m (rtv+m)! /
— (=D X{;(_l) (r+v+—m—n)!ad'v8d’T(j)EC'T(i)[q’ m+p+r+v—n]

nj ng

+2(=1)DY N (g +m+w) !+ v+ p)l(=1)"P
u=0 v=0

X djuy ad,va_j,cai,dan,p+m+u+q+r+v+l80, 1 1

ni  ng
_ 2(_1)¢1(i,j)+ez(T(j)) Z Z ((q + P+ +v+m)l (=P
u=0 v=0
X all“ad,U(ST(i),caT(j),dan,m+p+u+q+r+v+150, 1 1) (5.58)

where ! € {0,1},i, j,c,d € 1,k, p,m,q,r € Nand G; = (¢;(i) + ¢;(j))(ei(c) + ¢;(d)). We
define

St={E[,10.01li. j € T.2k with d(i) = 0.d(j) = 1}. (5.59)

Theorem 5.4. When k > 2, the conformal superalgebra RY( ]? ) can be generated by S}. When
k=2, RT(f) can be generated by S U{E [0, 11}.

We define
Sé’ ={E[;10,0])i, j € 1,2k with d(i) = 0,d(j) = 1}. (5.60)

In (5.58), the factor &y ; in the coefficient of 1 makes the central element of RP ( f )
de trop and hence we develop the following theorem for R ( f ) in lieu of R”( f ).

Theorem 5.5. When k > 2, the conformal superalgebra R” ( f ) can be generated by S;-).
When k = 2, RP(]?) can be generated by SJ’; U {EZITZ[O, 1]}.

Proof of theorem 6.4 and 6.5. Throughout the proof, I € {0, 1}. Let S? = S} and SJ‘; = SJ’;.
Moreover, since

E!;[0,0] = —(=D?“PEf ) 1,10, 0] for i,jel, 2k (5.61)

we can treat El’] [0, O] as an element of S} in the rest of the calculation.
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Using
Ej 1[0, 01y e, +1 E1 [0, 01 = 2(=1)"** g nylay , agen, 1 (5.62)

we know 1 can be generated by S]f- and we can ignore the extension part in equation (5.58) for

the rest of our proof.
O

Claim: If Eéyb[N,O,_r] can be generated by Slf or SlfU {E,l(,k[O, 1]} forr € Nya,b €
L. 2k with d(a) # d(b), then E,,IN,0,7], Ef ) ,IN, 0, 7], E}, [N, 0, 7]E, [N, 0, r] and
ElT(a)’a[N, 0, r] can also be generated by S} or S; U {E,’(,k[O, 1]}, respectively.

To prove the claim, we employ its hypothesis. Note that

EL IO, 01<na+nb+,f+1)E,’, Jlg+np+r' +1,7']

+q+np,+r +1
_Z( D Ak Lo R (5.63)
(u+qg —ny)! '

where c¢ can be either b or T'(b) for ¢, r’ € N. L
Hence, we can carry out induction on ¢ for different " < r to show that both Ell,, »IN, 0, 7]
and E}., ,[N,0, 7] can be generated by S} or S} U {E} 410, 11}, respectively. On the other
hand,
EL 10,00, E. I Z CHO! g o ev—n]  for g.r €N
b.a nEppla. 7] bv(r+v—n)' bald>T np q.r :
(5.64)

Hence, we can perform an induction on r’ < r for different ¢ € N to show that E ;w N, 0, ]
can be generated by S’ or S’- U {E}«[0, 11}, respectively. This implies that E!, ,[N, 0, 7] and
Ef (44N, 0, r] can also be generated by S’ or S’ U {EL [0, 11}, respectively.

Now we can divide the proof into two cases

Case:d #0and k > 2

There exist j € 1,2k such that n; # 0. We pick 7 such that d(i) = d(j) + 1. Then for
s€1,2k—{i, j, TG), T(j)} # 0,

(u+q)!

[ u [

E{ 10,01, Ej g, r] = E (=1 maluE slutq—nj+er] (5.65)
u q)

E' 10,01, E! [q.r] = uz;( 1 (Hq_ DB g =y (5:66)

where r,qg € N and € € {0, 1}. Given r € N (5.65) with € = O tells us that if E_’M,[O, r]
can be generated by S then so does E’ 10, 7], while equation (5.66) implies the opposite.

Since either E} [0, 0] or E! [0, 0] belongs to S}, both can be generated by S}. We suppose

E}S[q’, r] and Equ[q , r] can be generated by S] for all ¢’ < ¢ for ¢ € N. Equation (5.65)

with € = 1 implies that E; ! ;g +1,r]canbe generated by Sl and then equation (5.66) implies
[q + 1, ] does also. As a result, E’ SN, 0] and E] [N, O] can be generated by S’
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Next we would like to show that Eéyi[l , 0] can be generated by Slf forall/ € N. If
d(s) =d(i), then E ﬁ ;[N, 0] can be generated by S} because of the symmetry between i and s.
On the other hand, if d(s) = d(j), then the fact that E:]s [N, 0] can be generated by S}, implies
that Eé,i [N, 0] can also be generated by Slf according to the claim.

Note that
(r+v)!

e . l p— .
(r+v— ni)!a”vEs’-"[q’ rv-—mn)

ni
Ezl; [0, 01,, Eé,i[q’ r] = _(_1)(61(i)+ez(j))(ez(3)+€1(i)) Z
v=0

(5.67)
E' 10,01, E! lq.7]
o w
_ _(_1)(el(j)+e,(l))(e,(s)+61(j)) Z mv_—wai,vEéyi[q, r+v—n;+ 6]
v=0 I .
(5.68)

forg,r € Nand € € {0, 1}. Given ¢ € N, we already have E} ;[¢, 0] or E} ;[¢, 0] generated
by S}. Hence, we can carry out an induction on r to show that E! ;[¢, N] and E} ;[¢, N] can
also be generated by S}. It follows that E} ; [N, N] and E} ;[N, N] can be generated by S}.
Finally, suppose d(s) = d(i). Then the fact that Eé ;IN, NJ can be generated by S%
implies that E;’j[N, N], E! N, 0, r], EéﬁX[N, N] and ElT(s),s[N’ N] can be generated by

T3).Jj
S, according to the claim. Symmetrically, El’] [N, N], E{,[N, N] and ElT(i),i[N’ N] can also

bé generated by S]f-' On the other hand, if d(s) = d(j), then the fact that Eéqi[N, N]
can be generated by S} implies that Ef,i[N, N], EIT(l.)J.[N, N], Ef,S[N, N], EéﬁX[N, N] and
ElT(S),s[N’ N] can also be generated by Sj;, according to the claim. Moreover, the fact that
E! [N,N] can be generated by S} implies that E’ [N, N] can also be generated by S%
(cf equations (5.65) and (5.66)). Using

/ / _ (r+v)! /
Ei,.]«[o, O]HiEi,i[q,r] = —ZaiﬁumEi,j[q,r+v—n,-] for q,r eN
v=0

(5.69)
we can show that E] [N,N] can be generated by S}. Then the claim will imply
that E;qj[N, NI, EIT(_IA)’_IA[N, N] and E;qi[N, N] can also be generated by S}. Finally, if
d(s1) = d(sp) = j with 51 not equal to either s, or T (s), then

n;

7 7 . u+g)! z
E! 10,01, E] [q.r1=) (1) ma,,ulsgm[q +u—ny,r] for ¢,reN
u=0 L

(5.70)
show that Esfl,s2 [N, N] can be generated by S]f

Again, we can use similar arguments to deal with the case of d=0ork=2.
Taking f as equation (3.35), we letm € 1, k. We define e, : 1, m +2k — Z, by
0 if iel,m

1 it iem+1,m+2k.

e (i) = { (5.71)
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Letting C = M,p12k m+2k (F) with the grading defined as equation (4.47), then C ®]F[t1, ]
is a conformal superalgebra which contains R*”7(f) as a conformal sub-superalgebra. We
define the bilinear form « on C by

k(A, B) = str(AB) for A, B € Mok m+2k (5.72)
where str : Mok m+or (F) — F is a linear map defined by
str(E; j) = (=1)29g; ; for i,jel,m+2k. (5.73)

Then, « is a supersymmetric associative bilinear form with grading 0.
We define

RoP(f) = R*7(f) @D F1 = Span{Aq4lq. 7]

Foismlq, ), Hism jamlq. 1. 1)i, j € 1,2k, &, B € 1,m, q,r € N} (5.74)
where

Augla,r1 = EL lq, 11— (=1)'E] [r. q] (5.75)

Fa,i+m [qa r] = ECJ::[+m [qa ] + ( 1)L+C(1)ET(I)+m C[r’ q] (5.76)

Hism jomlq. 1] = E,ﬁ,,,,+m[q rl— (- 1)‘*“<’>+‘<“ET(])+mT(,)m[r,q] (5.77)

witha, B € 1,m,i,j € 1,2k and g, r € N. Then we have
Aa ﬂ[P, w]n i+m, j+m[(Ia V] = Hi+m,j+m[q’ r]nAa,ﬂ[p’ U)] =0 (578)

(w+u+gq)!
Agplp, wlhAyelg, rl = Z( 1)w+"maﬁ,u8ﬁ,yAa,g[p+w+u+q—n,r]
ng

r+v+p)!
_Z( 1p(r+v+p )agvaga yelg, p+rw+r+v—n]

< (p+u+q)!
o L _ p‘Hl— —
(—1) (E (—1) (p+u+q—n)!aa'llaa’yAﬂ'G[w+p+u+q n,rj

w (tv+w)!
— Z (—1) (r+v+—w_n)|a9’v59’ﬂAV’“[q’ w+p+r+v —n]

g ng
+2 Z Z(q +w+ u)'(r +tv+ p)!(_1)w+p+La/3,ua9,uaﬂ,y50{,95n,p+w+u+q+r+v+11
u=0 v=0
Ny ng
=23 > g+ p !+ v+ W) (= 1) o 49080,y 8.60n.wi prusgsrvii]
u=0 v=0

(5.79)

Fa,j+m [pv U)]n Fﬂ,d+m [q’ I’]
nj

(w+u+r)!
= (—l)c(d)+w —ajuéj T(d)Aaﬁ[p+w+u+r —n,q]
E — 1 4ju9j. ,
M_O(w+u+r n)!

+(— I)H'C(d)*'pz (g +v+p)!

—  ag 0 H amll,ptw+g+v—n
(q+U+p I’l)' B.wIB.« T(d)+m,j+m[ p q ]
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njong

-u—UM”MQE:E:u+w+un@+v+mmﬂﬂm@1@
u=0 v=0
X a(x,ﬁan,p+w+q+r+u+ll (5.80)
Hi+m,j+m [p, wlyHewm aemlg, 7]

‘ (w+u+gq)!
_ Z(_1)w+u(u)-i-u+—q—n)!aj'u§j’CHi+m'd+m[p +w4u+q—n,r]

r+v+p)!
— P _
E ( 1) (}’+U+p )'advadl c+m]+m[q prw+r+v I’l]

n;

o (p+u+q)!
. (_1)[+L(l)+c(]) (Z(—1)p+"mai,u‘ST(i),CHT(.i)’fm,d’fm
u=0 ’

X[w+p+u+qg—n,r]

(r+v+w)!
- Z (_1)wmad,vadf(j)Hc+m,T(i)+m[Qv w+p+r+v—n]

njo ng
=2 D (g +w i+ v+ )= 40408 8 abn prwsurgrrsvii]
u=0 v=0
n;  ng
+2(=1) DD NN (g + p+w)l(r + v+ w) (=17
u=0 v=0
X @iy vOT (i),e0T (j),dOn,w+p+urgir+v+11) (5.81)
Aa,ﬁ[‘]s r]nFy,j+m [p, w]

g

(r+u+p)!
= (D)"Y Spy Fujemlg + 7+ u+ p—n,w]
— ) PrPY T
:0(r+u+p n)!

Ny

(q+u+p)!
+(— 1)q+l Z Grnip— n)'aa,uaa,yFﬂ,ﬂm[r +qg+u+p—n,w] (5.82)

Hi+m,j+m[ps w]n ad+m[q r]
(r+v+p)!
=(— 1)p+12(r+v+p )'aduad, Fojimlg, p+w+r+v—n]

nq

+ (_1)L+C(i)+6(j)+w Z
v

= r+v+w—n)!

r+v+w)!
aq,v8a,7(j) Fo.T)4m

X[g,w+p+r+v—n] (5.83)

Fa,j+m[pv w]nA,B y[C] r]
ny

(r+v+p)!
= (— 1)sz vSyaFp jemlg, p+w+r+v—n]

ng

. (g+v+p)!
+( 1) +pZ (q T— n)|aﬂ,v8/3,aFy,j+m[r7 ptw+qg+v —n] (584)
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and
Fa,j+m[p’ w]” HC+m,d+m [q, V]
ilj
(w+u+q)!
- e adicF +w+u+qg—n,r
(=1 g (w+u+qg—n)! Gl Faarmlp q |
nj
(C)4c (w+u+r)!
— (=1)c@rc@rw Z ma,qu(s”(d) Futmm
u=0 !
X[p+w+u+r—n,ql (5.85)
fora, B,y,0 € 1,m,i, j,c,d € 1,2k and p, w, ¢, r € N. Define
7" = (Faisnl0,Olle € Tom, i € T, 2k} .
ST = {Fuiom[0, 0ller € 1 1,2k} (5.86)

!

Then we can use equations (5.78)—(5.85) to prove the following theorem:

Theorem 5.6. When d #* 0, then IAQ"”’(]?) can be generated by S;Sp. Otherwise, it can be
generated by 8% U{Hgom om0, 1)
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